Yen proposed a construction for a semilinear representation of the reachability set of BPP-Petri nets which can be used to decide the equivalence problem of two BPP-PNs in doubly exponential time. We first address a gap in this construction which therefore does not always represent the reachability set. We propose a solution which is formulated in such a way that a large portion of Yen's construction and proof can be retained, preserving the size of the semilinear representation and the double exponential time bound (except for possibly larger values of some constants). In the second part of the paper, we propose very efficient algorithms for several variations of the boundedness and liveness problems of BPP-PNs. For several more complex notions of boundedness, as well as for the covering problem, we show NP-completeness. To demonstrate the contrast between BPP-PNs and a slight generalization regarding edge multiplicities, we show that the complexity of the classical boundedness problem increases from linear time to coNP-hardness. Our results also imply corresponding complexity bounds for related problems for process algebras and (commutative) context-free grammars.
Introduction
Basic Parallel Processes Petri nets (BPP-PNs, also known as communicationfree Petri nets) are characterized by the simple topological constraint that each transition has exactly one input place (connected by an edge with multiplicity 1). There are several reasons why it is insightful to investigate this class. Studying nontrivial subclasses of Petri nets helps understanding the dynamics of Petri nets in general, which could finally lead to a primitive recursive algorithm for the reachability problem of general Petri nets (a non primitive recursive algorithm was given by Mayr [11] ). Furthermore, this Petri net class is closely related to both Basic Parallel Processes, a subclass of Milner's Calculus of Communicating Systems (CCS, see, e.g., [1, 2] ), as well as (commutative) context-free grammars (see, e.g., [6, 3] ).
The strong topological constraint on BPP-PNs limits the computational power of these nets in the sense that they are unable to model synchronizing actions since the fireability of a transition only depends on exactly one place. Esparza [3] showed that the reachability problem of BPP-PNs is, nevertheless, NP-hard. Furthermore, he showed that the problem is in NP. Both results together yield an alternative proof for the NP-completeness of the uniform word problem for commutative context-free grammars (as shown earlier by Huynh [6]).
Another proof for NP-membership, based on canonical firing sequences, was given by Yen [19] . In addition, he proposed an exponential time construction for a semilinear representation of the reachability set of BPP-PNs. He then used this semilinear representation to argue that the equivalence problem for BPP-PNs has a doubly exponential time bound.
In section 3, we address a gap in this construction. We show that, in general, the construction actually computes a proper superset of the reachability set. We then show how to fix the construction in such a way that most parts of Yen's argumentation can be retained while maintaining the size and running time bounds of the original construction (in the sense that all specified constants stay the same).
For some notions of boundedness and liveness of BPPs/BPP-PNs ([9, 13, 14] , also see [15]), polynomial time algorithms are already known. In addition to these, we also investigate a number of other variations of the boundedness, the covering, and the liveness problem for BPP-PNs in sections 4 and 5. For two variants of the boundedness problem, and for the covering problem, we show NP-completeness. Using, among other things, results from section 3, we can decide most of the remaining problems very efficiently in linear time. (Extensions of) these algorithms are also applicable to related problems of BPPs and (commutative) context-free grammars (e.g., finiteness of context-free grammars, see [4] ). These minor results can be found in the technical report [12] .
Linear time algorithms not only make these problems tractable in practice but also show that BPP-PNs are too restricted if we are searching for classes of Petri nets where these problems are hard. Further variations and generalizations of BPP-PNs need to be investigated in order to mark the boundary where these problems cease to be easy. As a first example, we show that the classical boundedness problem becomes coNP-hard if we slightly weaken the restriction on the multiplicities of edges from places to transitions in BPP-PNs.
Preliminaries
Z, N 0 , and N denote the sets of all integers, all nonnegative integers, and all positive integers, respectively, while [a, b] 
. When k is understood, a denotes, for a number a ∈ Z, the k-dimensional vector with a i = a for all i ∈ [k].
A Petri net N is a 3-tuple (P, T, F ) where P is a finite set of n places, T is a finite set of m transitions with S ∩ T = ∅, and F : P × T ∪ T × P → N 0 is a flow function. A marking μ (of N ) is a function P → N 0 . A pair (N, μ 0 ) such that μ 0 is a marking of N is called a marked Petri net, and μ 0 is called its initial marking. We will omit the term "marked" if the presence of a certain initial marking is clear from the context.
